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1. Introduction

Although the literature on nonlinear magnetic effects is extensive, there is little quantitative
information available on multi-frequency excitation of ferromagnetic systems, even at the level
of perturbation theory. The calculations presented in this technical report constitute an attempt to
remedy this situation. Because it is in the nature of remote sensing to involve small probe fields,
the analysis needed is an ideal use of perturbation theory, cumbersome though it may be. It is
hoped that their derivation will help to lay the groundwork for evaluating the usefulness of
ferromagnetic resonance (FMR)-based detection of the nonlinear excitation of magnetic objects
in a true remote-sensing environment, i.e., where large magnetic fields of the sort used in
laboratories or medical equipment are unavailable.

2. The Landau-Lifshits and Landau-Lifshits-Gilbert Equations

In order to estimate the power radiated by FMR excitation of a finite magnetized body, it is
necessary first to describe the dynamics of the magnetic dipole moment per unit volume M (i.e.,
the magnetization) within the body in the presence of an external time-dependent magnetic field.
This dynamic problem is governed by the Landau-Lifshits equation (1):
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where Mst is the static magnetization of the material, y is the gyromagnetic ratio, a is the

damping constant, and Heﬁ is an effective magnetic field consisting of the DC anisotropy field

Ha that fixes the direction of M st In the material, the depolarization field due to the body’s

shape, and the external time-dependent applied field. Note that in the absence of an AC magnetic
field there is no depolarization field, and so Mst x Hg =0 under DC conditions, i.e., there is no

DC torque. The first term is the torque exerted by the effective magnetic field H while the

eff
second term gives rise to damping via eddy currents. The form of this equation implies that

- Y/ ~ 2
M 'GEM:O:‘M‘ is constant in time.

Let us solve this problem approximately using perturbation theory. It is more convenient to first
put this equation in Landau-Lifshits-Gilbert (LLG) form (2): if we define the torque vector



Q=yM x H_g and a dimensionless vector damping rate Q= ‘ < ‘
M
st

M , equation 1 can be
rewritten as follows:
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Assume a coordinate system with the z-axis along the wire axis. We start by defining a small
perturbing radio frequency (RF) magnetic field h, which generates an RF magnetization m that
is small compared to M st - The decay dynamics of this magnetization is strongly affected by the
conservation of length of the total magnetization vector, whose endpoint is constrained to lie on a

spherical surface at all times. Let us further specify the perturbed magnetization and effective
magnetic field in the LLG equation as follows:

— —

M =Mg; +m (3)
and
Heg =Ha +h-Nm, (4)
where Mg x Hg =0 and
N 0 O
N={0 N © (5)
0 0 N

N

is the depolarization tensor. In this report, we consider a long wire parallel to the z-axis, for
which N =1/2 and N, = 0. Following Antonenko et al. (3), we define a static susceptibility

M|

Mgt =|Mgt|2 and Hg = HaZ, we obtain

Ast = . Then in rectangular coordinates with Mst and Hy along the positive z — axis, i.e.,

I
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Heff,z =hz +Xst_1‘Mst‘
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=y +9|:‘Mst‘hx—(Xst_1+N)‘Mst‘mx+mzhx—mxhz—Nmzmx:|
+2[mxhy—myhx}
Introduce a scaled dimensionless magnetization § such that m =‘M5t‘g . Since M, :‘Mst 2,
the length constraint on M becomes
2 = 2 - 2 2 2
‘M‘ :‘Mst”n‘ :‘Mst‘ =[2+9" =(1+9z) +gX2+gy2:1 @
=0z =—1+\f1—gx2—9y2
Let Q=a(2+3). Then
‘I\7I ‘a_g:(l+oc2)_l(f2—éxﬁ) 9)
st ot
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+2[gxhy—gyhx]
Defining the constants A = (Xst_l +N )‘MS‘ , @ = ‘MS‘ N lets us write the torque vector as

2[—hy+Agy +0yh;z —gzhy+®gzgy]
Q=Y‘M3t‘ +9[hx —Agx +9zhx —9xhz —©979x] (11)

+2[gxhy—gyhx}

The right side of the dynamic equation 2 can be treated as a “source”S :



. Sx =(Q2-QxQ), = -a(9yQ7 ~[1+97]0y | =[N
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S; :(Q—Qxf))z =Q, _a(gXQy_ngX)E‘MSt‘éZ

where
—hy +Agy +gyhZ —gzhy +G)gzgy

Sy =7 —agy(gxhy—gyhx)

+a[1+0z](hx —Agx +9zhyx —gxhz —©929x)

hy —Agx +9zhx —9xhz —©9,9x

Sy =v —oc[1+gz](—hy+Agy+gth—gzhy+®gzgy) (13)

+Oﬂgx(gxhy —gyhx)
gxhy —gyhy
S; =v<-agy (hy —Agyx +9zhyx —gxh; —©9;0y)

A

Note that the vector S has the dimensions of frequency.

It is advantageous to write the transverse system variables in vector form:

= [ 9x - [Px
) iy

Then, the equation for the transverse components of the source vector can be written as
@:(uaz) S (15)
ot

where
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Here g, 2 +gy2 1G2and GOHD 2-GxH = gxhy —9gyhy . There is also an equation for the

longitudinal part (z-component):
2\ 0 2 2 _ 2,0 2
1+ agz +y0{G*H-0G“|g; =y{G®H-aG H+a[A+h;]G (17)

where G-H [ gyhy + gyhy, but the algebraic constraint on the length of the vector § makes it

redundant.

Up to now, all the dynamic variables gy, dy, 9z and hy, hy, h, have been real. In the spirit

of the Holstein-Primakoff transformation (4), let us define the following (complex) “circular”
basis for the transverse variables using the matrix

(1 ‘J: GCG[EEQ[G]

~ hy +ih H
A X[ e
hx —ihy Hc
In this notation,

GO H = axhy ~ayNx =5-(G+G")(He =He )G -6")(He + He')

= %(Q*Hc —ch*) = 'm(g*"'c)

(18)

(@

H =

(19)
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The matrices Z and R in equation 3 are both of the form T [A, B] :( B A j which can be
(04

diagonalized by the similarity transformation defined by C:

C'I:[A,B]C_lz(l i.j[Aa —Bji[i ij:(aAJriB o.] 0)
1 -i)\ B Aaj2ill -1 0 oA-iB

leading to the following expression for the source vector in the circular basis:

(§+J Sy +iSy
R PR e
S_ Sy —ISy

[1]r

H —yI1G (21)

where the matrices
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[T

and
ou’l—|§|2 |:A—®+hz +®«’1—|§|2}
0
] +i{A—®+hz +®4/1—|§|2 —0ﬂ|m(g*Hc)} (23)
M=

0L\/1_|:g|2{/\—®+hz+®\/1—|:g|2}
_i[A_®+hz +®\/1—|:g|2—alm(§*Hc)}

are both diagonal. Since the nonzero elements of these matrices are complex conjugates of one
another, the system reduces to a single complex-valued equation

+i{A—®+hz+®\/l‘|79|2_alm(g*Hc)}

. / 2
where G and g* are “magnon” variables (5). Note that the quantities 1—‘g‘ and
Im(g*HC) are real.

(1+ ocz)ag+y

G-l a7 44 e 29

A straightforward power-series expansion of this equation up to third order in G' leads to the
following perturbation equations:

(a-1)2G +7AGy =THe
(a_i)§GZ +yA§2 :—yhzgl (25)
. 1 . 2 1 *
(0=i)2 Gy +4AGy =L _(a+l)hzg2_§(3a+l)‘g1‘ Hc+a§g12HC
5t 73 3 o4i

ot +%(ocA+[a+ i]@)‘gl‘z G



The corresponding z-component equations are

oz =1 \1-lgl? =1+ -6 <-26,6,-2(6,"6G, +G,7Gy )+

9,0 =0
=19,2="5G1 5

923 = ‘%(gl*gz * gz*gl)

(26)

Note that according to these expressions an incident field with only h; nonzero, i.e., polarized
along the direction of static magnetization, cannot generate a linear response. This is in keeping

with elementary considerations.

3. First-order Solution

To solve the equation
.\ O
O ')agl +v7AG =vHc

we make the following decomposition: let

Then

1 i gy ) (g Sx)_1[Ses |_ 1[I 1 )(Ser
Sy SC— 2| 1 —1 SC—
i . (S
- 1+a2)atc:‘1(gc+]+ BMC_l(gCJr]:yMC_l( C+J
Oc— Jc— Sc—
o . 4(S
:>(1+(x2)8t(gc+j+mBCMC_l(gC+j:yCMC_1[ C*j
Oc— Oc-— Sc—

(27)

(28)
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The following is complex notation for non-Hermitian quantities:

S S S S ; : Sxs )i i -
(ij:{ch]coswu{sxs]sinmt:(chjl[e'mt+e_'(’°t}+[sxsj—l[e'wt—e_'(‘)tJ

y yc ys yc )2 ys) 2
_1[Sxe+iSxs ) ot , [ Sxe TISxs | ot [ Sx+ | ot |, [ Sx- | ot

2| Syc +iSys Syc —iSys Sy+ Sy-
S(SC-‘,-]D SX++!Sy+ e—i(Dt+ Sx_+fSy_ e|(Dt: SXC+!SXS +|SyC—SyS e—i(ﬂt+ SXC_!SXS+!SyC+SyS e|(Dt

Sc_ SX+_ISy Sx_—|Sy_ SXC+ISXS_ISyC +Sys SXC_ISXS_ISyC_SyS

[ch Sys + i [st + Syc]J {ch +Sys — i [st - SchJeimt . (SJrje_imt +(S—*]eimt

. *
ch—sys—'[sstFSch S St

“p _ Y —iot | o *,iot
[6t+a_ijgc+——a_i(s+e +S_"e )
=1 (30)
B Y —lomt iot
O +—= _=——(S_ S
[ t-‘_oH—ich oc+i( ¢ " )

The following is the transient solution:



pt

g Oer (t)=Ae +B+e_i(”t+c+ei‘Dt
Px = a+l - -pt iot iot
ge_(t)=Ae — +B_e ' +C e
_ i —iot : ot _ ¥ —iot * ot
(6t+p+)gc+—(p+ |oa)B+e +(p++|co)C+e ——a_i(8+e +S_"e )
B, = Y S—l— — YS-}— _ VS+
R T oo p+—ico COB—i(,O(OL—i) og ~®-ito
O T S ¢S, o
+ oc—ip++ico coB+i(n(oc—i) og +o+ioo
_ _i —iot : ot _ Y —lot * it
(at+p_)gc__(p_ |oa)B_e +(p_+|co)C_e a+i(s_e +3,.¢€ )
B -V S_ YS_ B YS_
~ oa+ip -io (DB—i(D(OC+i) og +o-ioo
=
c -1 S+* _ YS+* _ YS +* (31)
C a+ip +io wB+ioa(oc+i) ®g — O +ioo
For the boundary condition att =0,
Oc4(0)=09c0=AL +BL +Cp = A, =009 - B, —Cy
-p,t S i —p,t s_* i —p,t
gC+(t):gC+0e " +(,0 —Y(;_—iom)(e th_e +j+c0 -ZCO—I—iOL(D elmt_e ’
B B
- p_t p_t ST p_t
_ S y _ ) _
g_(t)=g e — 4 Y _ erlot _ o T Vo4 _ glot _ -
c c-0 NPV
wg +o—iow wg —0+iow




" 1[gc+ +0c |
[g ] g[gw ~9c-]

Pt iot TPt % (ot Pt

_ * * i _ * £ * . _ *
g e p+t+( Y j S_ | giot _, p,*t +( v J Sy ot p,*t
c-0 a-i) p *-io a-i) p *+iw
+ +
_p % * . _ * * * ) _
c-0 oa—i p+*—ioa a—i p+*+i03

_ t %k %k % ) _ t S . _ t
=9c_o{e p+} +( y.j { S_. (e'“)t—e " J+—+_ (e_'“)t—e Py J}
a-i) |p, +io p, —io

(33)

—pt * . -nt S . —-pt (34)
:>gc—={9c+oe Py +L,S;_(e'mt—e Py ]+L—+(e_'“’t—e Py j} =0y

_ ) . - ~
g x0 y0 o—ip, +io o—ip, —io
W Im (9 +ig )e_p*t+—Y 5" ot o Pt 1 S fier (TR
x0 " =y0 a-ip, +io a-ip, —io
L + + i
S i S_*
O (t)—> Vo4 _ e lot + Y : eI(Dt
wg —o—ioo wg +o+ian
Larget = N
S_ _i S ;
gc—(t)—> Y ¢ Icot+ Vo4 _ elcot
wg +o—ioo g —0+ioo
- (35)
*
Re YS+ e—i(Ot + YS— elO)t
[QXJ _(oB—oa—iom) oaB+(o+ioco;)
= g = - ,
y Im S, e—imt N YS_ eiO)t
(oB—(o—ioc(n o;)B+(o+iom)

The linear source terms are
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Sx hx

Sy) \hy) (hyc

h . h .

hx)e—lmt+ X elwtj(

y hy
Jeimt_l_{

|

%
SC+
Se—

%

o
o

" +ihy
hy*

hy +ihy

hy —ihy —ihy

hy = #ye
2 2 2 2 X X
Hy =1hxc” +hxs ’}[y:«/hyc +hys™ = -0
h
y

The two-frequency solution is

.

91

Ha

gx +igy
—igy

|

Y(hsx+ihsy)

wg — 05 ~iowg

y(hpx +ihpy )+

o

e tost

1p ~

wg —0p ~ iom)p

hXC _ihXS

e

(36)

Je—lcot n

—i0y

hX
hy

Y

H,
H_

I

- y
=Hye

H_*eimst )

LH* prt)

Y(hsx —ihgy )* Jlost

wg + g +iawng

*
v(hpx —ihgy )
wg +p +iowap

—impnt iont
e P4 e P

(37)

4. Second-order Solution

The solutions to
(o

require the first-order solutions in the forms

~1)2.G, +1NG, =-1hG)

(38)
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which gives the following expressions for the source terms:

st o i

—i(,O t * | * i(D t
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_ —l{h e 1®al Ly
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h<azrel+|_|a+ az b+ b+
. +iw .t
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*ox o x 42iogt *
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H

*
r
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ot * +iogymt

h T H h Ta 'H
oz YasTags® My, ta- Ma- €

)e—2|(Dat +( h
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H

* *
+h T
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h Ta_ Ha_ +h
thy'a- Ma- 1y b— az

+(
iy

+th

hazrb+ I_|b+

“ih. T H
b— * bz a+ a+
* +2im, t

b
+h, Tpy Hpi

—i .t
h I “H )e dif +(h
az b-

b

*

Fb— Hb— e

where ®im and o dif

equation for the second-order perturbation 92 is

=0_ +0
a b
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g H
+Fb+Hb+e
+haZFa_*Ha_*+h r, H, e '®sumt
+h T, H_ e
Hb+e

*
+h

+

)e_imsumt +( h T
az

* * h *
zra— Ha- + az rb+Hb+

—|C0at *
a+€ +lg— Ha_ e

*

ot
b
+I,_ H

*

H

az b— " b- €

—2io, t
b i h T

bz b+ b+ bz

+Hi .t
dif +h *1" *
az b-

h *
+ b—

*
bz rb+Hb+ bz T

*) e+2|0)at

hbz rb+ H b+
“H

b— " 'b—

b—

Hb—

Hb— e

* * * *
+ hbZ Iag— Ha— )e

+How .
)e dif

(39)

* +|(Dat

* +iw, t
b © P
x Tlogjet

*

Hb—

* +i t
e 1®@sum (40)

* +2i0)bt

+i(Dsumt (41)

t

=0~ are the sum and difference frequencies. The basic
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NG, v —iOJSumt * * * * * * +i0)sumt
(0‘")592”’892 =—= +(hazrb+Hb++hsza+Ha+)e +(haZ Tp_ Hp_ +h, Ta- Ha- )e

2
hor H T T h e dift(y Ha +h e e it
+( az b Pbe TNy, Tas a+)e +( byl a— Ha— +hy, Ty b+)e
* * * +2i(,0bt —2imbt
+hbz 1Hb— Hb— € +hbzrb+Hb+e
[ —2|(,\)at * * * +2|(Dat ]
F2a+ra+haz as T oa Ta- haz Ha-e
* * * * * *
+ F({ hazra_ Ha- +hbzrb— Hp + haz FaiHas +hbz Fb+Hb+)
—Zi(x)bt * * * +2i(1)bt

392:_ T 2b +hbzrb+Hb+e + 2b —hbz lHb— Hb— €

T (h r. "H “+h T H )e‘i“)sumt T (h . *H. “+h Ty "H *)e”“’SU"“t

sum+\"az b— "'b— " bz "a+ a+ sum—={"az “b— "b— " 'hz @ "'a- (42)
A Mt —loyiet A K K Hoyiet

_+Fdif+( az b- Mo My, Fa+Ha+)e +Fdif—( bt a- Ha- +1y, Fb+Hb+)e |
where

1 1
=300 PR i

2 og T 2ogT2m - Ia(Zma)
1 1
r, =+ r. =+ : (43)
2b + 2 _ . st 2 T
- wp F 20, - I(X(Z(,Ob) - ®g + ®Osym io(osum)
r ¥ !
d+ 2

@B$@mf‘“%@mf)

are new resonances associated with the various mixing products. For the z-component, we have

13



gl + ‘F H, e

‘F<':1+Ha+e b+ b+

* +|(Dat

loal | [ Hg_ e

2
‘Fa+Ha+e ‘ +Fb+Hb+e
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+2Re(Fa_Ha_Fb+Hb+e stumt)+2Re[ra_Ha_Fb_*Hb_*e aif j
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2 Re(ra+*Ha+*rb+H

*

* * * +Hogymt —logymt

. % Hio g t x w Tl
2 * *2 * * —ZiCOat
TasHayl +‘ra_ Ha ‘ +2Re|Tg_ Ha Tgy Hg.e
2 * *2 * * —2|(Dbt
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~92=75

* * * * _imdift
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Two frequencies of special interest to remote sensing are the sum and difference frequencies.

The magnetization amplitudes at these frequencies are given by

14
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9osum,x = e Gosum (45)
92sum,y = MG osum
—i t
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. . N _i(’)dift * * * +i(odift
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9adif,y = MG it
B * * * * _iwdift
05qif =R [Fa_Ha_Fb_ Hy +TaiHa Ty, "Hy Je
5. Third-order Solution
The time-domain equation of the third-order system has a complicated source term:
1 NP 1
——(3a+|)‘g1‘ }[+a—g127'[*
Y 2 2
(a-1)5 G +opGy =1
3""BI3 T a+il 1 _ 2 _
+§(°‘A+[°‘+']®)‘gl‘ Gy~ (a+i)hzG, (47)

Y 20, o o
O=<—1+——|S; + S, + A+0O|S,-2S
2{ ( a+iJ 1 a+i 2 (owri j 3 4}
To evaluate §3, we must first express the various products in multi-frequency form. This leads

to the following linear inhomogeneous equation:
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b b
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which is easily solved:
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—i(20)a—0)b)t +|(2coa—u)b)t
1 amb+53,2a—b +° *1oap-532a-b-°
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e
= @
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B a "p a "p

Note that the third-order source terms give rise to three distinct effects: frequency tripling,
amplitude-dependence of the response functions at the drive frequencies, and intermodulation

products.

6. Grouping Third-order Magnetization Terms

The only terms of interest here are the intermod terms, which are color-coded to make the

algebra easier to follow.
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15
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7. Conclusion

This report was written with the intention of archiving the results of lengthy calculations needed
in order to evaluate the feasibility of remote detection of magnetic systems by FMR. More
specifically, these calculations make it possible to calculate the induced magnetization within a
ferromagnetic body illuminated by electromagnetic waves at levels of excitation high enough to
give rise to a nonlinear response in the body and induce it to radiate at new frequencies that are
detected at a remote receiving antenna. The results tabulated here contribute to the study of
nonlinear radar and target signatures in general.
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